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Abstract
Let D denote the graph consisting of a cycle of length 4 with a pendant edge. In this paper, two
very different small embeddings of partialD-designs are presented.
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1. Introduction
Let G and H be graphs. A (partial) G-design on H is a pair (Z, P ) where Z is the vertex
set ofH, and P is a collection of edge disjoint copies ofGwhose edge sets partition (a subset
of) the edges of H. A (partial) G-design on Kn is also called a (partial) G-design of order
n. Furthermore, if there exists a G-design on H, the graph H is said to be G-decomposable.
In this paper, we shall largely restrict our attention to G-designs where G is a graph
consisting of a cycle of length 4 with a pendant edge. The symbolDwill be used henceforth
to denote such a graph. Fig. 1 displays a copy ofD with its vertices labelled. Such a graph
D will be denoted by (a, b, c, d)− e or equivalently (c, b, a, d)− e.
Example 1.1. Let Z = {0, 1, 2, 3, 4, 5} and P = {(0, 1, 2, 3) − 4, (0, 2, 4, 5) − 1}. Then
(Z, P ) is a partialD-design of order 6.
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Fig. 1. A 4-cycle with a pendant edge.
Inspection reveals that the partialD-design in the previous example cannot be completed;
i.e., the edges ofK6 that are not present in any graph inP, (namely {0, 4}, {4, 1}, {1, 3}, {3, 5}
and {5, 2}), cannot be partitioned into copies ofD. Thus, the problemof embedding naturally
arises. For a given graphG, a partialG-design (Z, P ) is said to be embedded in theG-design
(S, C) providedZ ⊆ S and P ⊆ C. Naturally, given a partialG-design (Z, P ) of order n, it
is desirable to know the set of integers v for which (Z, P ) can be embedded in a G-design
of order v; of particular interest is determining the least such integer v.
Much work has been done on ﬁnding small embeddings for partial G-designs for the
case when G is Cm (the cycle of length m), with the methods and results varying greatly
depending on whether m is odd or even. For instance, it has been shown (see [3] and [9]
respectively) that a partial 3-cycle system of order n can always be embedded in a 3-cycle
system of order v whenever v ≡ 1, 3 (mod 6) and v3n−2, while a partial 4-cycle system
of order n can always be embedded in a 4-cycle system of order v for some admissible
v2n + 15. (A (partial) Cm-design is more commonly referred to as a (partial) m-cycle
system.) Although these results are both the best known to date for cycles of length 3 and
4, they are still not the best possible bounds. The best possible bounds for embedding
partial 3-cycle and 4-cycle systems are expected to be approximately 2n+ 1 and n+√n,
respectively.
More general results on embedding m-cycle systems have also been obtained. The best
such result for arbitrary cycle systems of even length appears in [5] where it is shown
that a partial 2k-cycle system of order n can be embedded in a 2k-cycle system of order
kn+ c(k), k3, where c(k) is a function of k. For cycle systems of odd length,m, the best
known bound on the size of an embedding is (2n + 1)m (see [10]). For a good survey of
small embeddings for m-cycle systems obtained prior to 1997, see [7].
The aim of this paper is to present several embedding results for the aforementioned
graph D, that is, a 4-cycle with a pendant edge. Considering the attention the embedding
problem has received for the case of 4-cycles, the graph D is of interest as it retains the
useful bipartite property ofC4, although it is neither symmetric nor regular like the 4-cycle.
In subsequent sections, we present two small embeddings of partial D-designs. The ﬁrst
is based on a similar method to the even-cycle system embeddings presented in [8]. It is
shown that a partial D-design of order n can always be embedded in a D-design of any
admissible order greater than approximately 4n. The second embedding is rather different
in that the size of the containingD-design is dependent not only on the order of the partial
D-design, but also on how close it is to a completeD-design. Speciﬁcally, it is shown that
if (Z, P ) is a partial D design of order n14, with precisely x edges of Kn (with vertex
set Z) not present in any graph in P, then (Z, P ) can be embedded in a D-design of order
v for some admissible vn+ x + 7.
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In what follows, it will be assumed that for the graph Km,n, the integers m and n are
strictly positive unless otherwise stated. Also, formn, letKn\Km be the subgraph ofKn
induced by E(Kn)\E(Km); callKn\Km a complete graph of order n with a hole of size m.
Finally, ifG andH are graphs, then letG∧H denote the graph with vertex setV (G)∪V (H)
and edge set
E(G) ∪ E(H) ∪ {e = {u, v} |u ∈ V (G) and v ∈ V (H)}.
2. Preliminaries
The ﬁrst two theorems in this section give the necessary and sufﬁcient conditions for the
existence ofD-designs on complete and bipartite graphs. These two theorems will be used
repeatedly in the embedding results in Sections 3 and 4.
Theorem 2.1 (Bermond et al. [1], Huang [6], Rosa and Huang [11]). There exists a D-
design of order n if and only if n10 and n ≡ 0, 1 (mod 5).
The following simple lemma will be used to help prove Theorem 2.3.
Lemma 2.2 (Bermond and Sotteau [2]). If there exist G-designs on Kn1,n2 and Kn1,n′2 ,
then there exists a G-design on Kpn1,qn2+rn′2 for non-negative integers p, q, and r.
Theorem 2.3. There exists aD-design on Km,n if and only if:
1. neither m nor n is equal to 1 or 3, and
2. at least one of m and n is divisible by 5.
Proof. First, suppose that there exists aD-design on Km,n. Since Km,n contains precisely
mn edges, mn/5 must be an integer. It follows that at least one of m and n is divisible by 5.
Without loss of generality, we may assume that m is divisible by 5.
We now use Lemma 2.2 to show that there exists a D-design on K5p,n, p> 0, provided
n /∈ {1, 3}.
First, we show that there existD-designs on K5,2 and K5,5:
Let X = {0, 1, 2, 3, 4}, Y1 = {5, 6}, and C1 = {(0, 5, 1, 6) − 2, (3, 6, 4, 5) − 2}. Then
(X ∪ Y1, C1) is a D-design on K5,2 with parts X and Y1.
Similarly, let Y2={5, 6, 7, 8, 9} and C2={(6, 0, 7, 2)− 5, (7, 1, 8, 3)− 6, (8, 2, 9, 4)−
7, (9, 3, 5, 0)− 8, (5, 4, 6, 1)− 9}. Then (X ∪ Y2, C2) is a D-design on K5,5 with parts X
and Y2.
It is easy to see that if n is any non-negative integer not equal to 1 or 3, then there exist
non-negative integers q and r such that n = 2q + 5r . Thus by Lemma 2.2, there exists a
D-design on K5p,n.
It remains to prove the non-existence of D-designs on K5p,1 and K5p,3 for all p> 0.
It is clear that the graph K5p,1 does not contain a subgraph isomorphic to D, and so no
D-design exists on this graph. Now, suppose for a contradiction that there exists aD-design
on K5p,3. Note that this D-design contains precisely 3p copies of D. In each copy of D,
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the vertices of degrees 1 and 3 are joined, and so lie in different parts of K5p,3. However,
these are the only vertices in D of odd degree, and all the vertices in the part of size 5p
have odd degree. This implies that there must be (at least) 5p copies ofD in aD-design on
K5p,3, a contradiction. 
In the following theorem, Bryant et al. [4] give small embeddings of partial G-designs
for a class of bipartite graphs G.
Theorem 2.4 (Bryant et al. [4]). Let G be a graph and suppose that for some integers x
and h there is
1. a G-design on Kx,x ,
2. a G-design on Kx+h\Kh, and
3. a G-design on Kx+h.
Then any partial G-design of order n can be embedded in a G-design of order xn+ h.
Corollary 2.5. A partial D-design of order n can be embedded in a D-design of order
5n+ 5.
Proof. Let x = h = 5. Then by Theorems 2.1 and 2.3 respectively, there exist D-designs
on Kx+h and Kx,x . Also, let X = {0, 1, 2, 3, 4}, H = {5, 6, 7, 8, 9}, and
C = {(1, 0, 2, 3)− 4, (3, 0, 4, 5)− 1, (5, 0, 6, 2)− 1, (7, 0, 8, 1)− 6,
(4, 1, 9, 2)− 7, (3, 6, 4, 8)− 2, (3, 7, 4, 9)− 0}.
Then (X ∪H,C) is a D-design on Kx+h\Kh (where H is the hole of size h). Thus by the
previous theorem, any partialD-design of order n can be embedded in aD-design of order
5n+ 5. 
In the next section, we improve this result by showing that a partial D-design of order
n7 can be embedded in a D-design of any admissible order greater than approximately
4n.
3. First embedding result
Theorem 3.1. For any integer n7, let
v(n)=


4n+ 10 if n ≡ 0 (mod 5),
4n+ 6 if n ≡ 1 (mod 5),
4n+ 22 if n ≡ 2 (mod 5),
4n+ 18 if n ≡ 3 (mod 5),
4n+ 14 if n ≡ 4 (mod 5).
A partialD-design of order n7 can be embedded in aD-design of order v for any integer
vv(n) with v ≡ 0, 1 (mod 5).
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Proof. Note that v(n) ≡ 0 (mod 5) for all integers n. Let (Zn, P ) be a partialD-design of
order n7 and let v be an integer such that vv(n) and v ≡ 0, 1 (mod 5). Let m be the
least integer such thatmn andm ≡ 1 (mod 5). It is easy to verify thatm= (v(n)− 6)/4.
Set S = (Zm × {1, 2, 3, 4})∪ Y , whereY is a set of size y = v − v(n)+ 6 which is disjoint
from Zm. Note that |S| = 4m+ y = v. We deﬁne a collection C of copies ofD onKv (with
vertex set S) as follows:
(1) Let (Zm × {4}, C1) be a D-design of order m. (Note that n7 implies that m11;
Theorem 2.1 therefore guarantees the existence of such a design.) Let C1 ⊆ C.
(2) Let (Y ∪ ({0} × {1, 2, 3, 4}), C2) be a D-design of order v − v(n) + 10. (Since v ≡
0, 1 (mod 5) and v(n) ≡ 0 (mod 5), Theorem 2.1 guarantees the existence of such a
design.) Let C2 ⊆ C.
(3) For each a, b ∈ Zm, a <b, place ((a, 2), (b, 3), (a, 3), (b, 4))− (a, 1) in C.
Notice that this graph contains each edge of K4,4 with parts {a} × {1, 2, 3, 4} and
{b} × {1, 2, 3, 4}, except for the edge {(a, 4), (b, 4)} (which is already contained in a
type (1) copy ofD), and the set of edges
E(a, b)= {{(a, 1), (b, 1)}, {(a, 1), (b, 2)}, {(a, 1), (b, 3)}, {(a, 2), (b, 1)},
{(a, 2), (b, 2)}, {(a, 3), (b, 1)}, {(a, 3), (b, 2)}, {(a, 4), (b, 1)},
{(a, 4), (b, 2)}, {(a, 4), (b, 3)}}.
(4) For each a, b ∈ Zm, such that the edge {a, b} does not occur in a copy ofD in P, let C
contain the following copies ofD:
((b, 1), (a, 2), (b, 2), (a, 1))− (b, 3) and
((b, 1), (a, 3), (b, 2), (a, 4))− (b, 3).
Note that the union of the edge sets of these two graphs is E(a, b).
(5) For each (a, b, c, d)− e ∈ P , place the following copies ofD in C:
((a, 1), (b, 1), (c, 1), (d, 1))− (e, 1), ((b, 2), (a, 1), (b, 3), (c, 1))− (b, 4),
((b, 2), (a, 2), (d, 1), (c, 2))− (b, 3), ((e, 2), (d, 1), (e, 3), (d, 4))− (e, 1),
((a, 1), (d, 3), (c, 1), (d, 2))− (a, 2), ((e, 1), (d, 3), (e, 2), (d, 2))− (c, 2),
((c, 2), (b, 4), (c, 3), (b, 1))− (a, 2), ((b, 1), (a, 3), (b, 2), (a, 4))− (b, 3),
((d, 1), (c, 3), (d, 2), (c, 4))− (d, 3), ((d, 1), (a, 3), (d, 2), (a, 4))− (d, 3).
Inspection reveals that the union of the edge sets of these graphs is
E(a, b) ∪ E(b, c) ∪ E(c, d) ∪ E(a, d) ∪ E(d, e).
(6) Let {∞1,∞2} ⊆ Y . For each a ∈ Zm\{0} place the following copies ofD in C:
((a, 2), (a, 1),∞1, (a, 3))− (a, 4) and ((a, 4), (a, 2),∞2, (a, 1))− (a, 3).
(7) At this point the only edges of K|S| (with vertex set S) not in a copy of D of type (1),
(2), (3), (4), (5) or (6) are the edges of:
(a) Km−1,y−2 with parts (Zm\{0})× {1} and Y\{∞1,∞2},
(b) Km−1,y−1 with parts (Zm\{0})× {2} and Y\{∞2},
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Fig. 2. Graphs G1, . . . ,G7.
(c) Km−1,y−1 with parts (Zm\{0})× {3} and Y\{∞1}, and
(d) Km−1,y with parts (Zm\{0})× {4} and Y.
By Theorem 2.3, each of these graphs can be decomposed into copies of D. Place these
copies ofD in C.
It is immediate that (S, C) is a D-design of order v. Furthermore, for each copy of D,
(a, b, c, d) − e ∈ P , the set S contains ((a, 1), (b, 1), (c, 1), (d, 1)) − (e, 1). Thus, an
isomorphic copy of (Zn, P ) is embedded in (S, C). 
4. Second embedding result
In this section we show that if (Z, P ) is a partialD design of order n14, with precisely
x edges ofKn (with vertex set Z) not present in any graph inP, then (Z, P ) can be embedded
in aD-design of order at most n+ x+ 7. In order to prove this it is ﬁrst shown that a partial
D-design of order n, with at most 4 edges of the underlying graph Kn not present in any
graph in P, can be embedded in aD-design of order n+ 8. The following lemma is critical
for this result.
Lemma 4.1. LetG1, . . . ,G7 be the graphs shown in Fig. 2. Also let n1=8, n2=6, n3=7,
n4 = 2, n5 = 7, n6 = 2, and n7 = 2. Then for each i with 1 i7, there exists aD-design
on Gi ∧Kni .
Proof. For each i ∈ {1, 3}, the graph Gi ∧ Kni is the complete graph on 10 vertices; the
existence of aD-design of order 10 follows from Theorem 2.1. For each i ∈ {2, 4, 5, 6, 7},
let vi=|V (Gi)|,Xi={0, 1, . . . , vi−1}, Yi={vi, vi+1, . . . , vi+ni−1}, and V (Kni )=Yi .
Then it can be veriﬁed that (Xi ∪ Yi, Ci) is aD-design onGi ∧Kni , where the collections
C2, C4, C5, C6, C7 of copies ofD are deﬁned as follows:
C2 = {(0, 1, 4, 5)− 2, (0, 4, 2, 6)− 1, (0, 7, 1, 8)− 2, (1, 5, 3, 9)− 0, (2, 7, 4, 9)− 5,
(3, 4, 6, 7)− 5, (3, 6, 5, 8)− 9, (6, 9, 7, 8)− 4},
C4 = {(0, 1, 2, 8)− 3, (3, 1, 8, 9)− 0, (4, 8, 5, 9)− 1, (6, 8, 7, 9)− 2},
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C5 = {(0, 1, 8, 9)− 2, (0, 8, 2, 10)− 1, (0, 11, 1, 12)− 2, (0, 13, 1, 14)− 2,
(3, 9, 4, 10)− 5, (3, 11, 5, 12)− 4, (4, 5, 13, 8)− 6, (2, 3, 8, 11)− 4,
(9, 11, 12, 13)− 14, (3, 13, 4, 14)− 5, (6, 10, 7, 12)− 8, (6, 13, 7, 14)− 9,
(10, 8, 14, 12)− 9, (10, 14, 11, 13)− 2, (5, 8, 7, 9)− 1, (6, 9, 10, 11)− 7},
C6 = {(0, 1, 8, 9)− 2, (2, 3, 5, 8)− 0, (3, 8, 4, 9)− 1, (6, 8, 7, 9)− 5},
C7 = {(0, 2, 4, 8)− 1, (2, 8, 3, 9)− 0, (4, 6, 8, 9)− 1, (5, 8, 7, 9)− 6}. 
Lemma 4.2. Let (Z, P ) be a partialD-design of order n with at most 4 edges ofKn (with
vertex set Z) not in any graph in P. Then (Z, P ) can be embedded in aD-design of order v
for some admissible vn+ 8.
Proof. Let (Z, P ) be a partial D-design of order n, and denote the set of edges of Kn not
belonging to any of the copies ofD in P by L. Let |L| = r where 0r4, and let G be the
graph with V (G)= Z and E(G)= L. A simple counting argument shows:
1. if n ≡ 0, 1 (mod 5), then r = 0,
2. if n ≡ 2, 4 (mod 5), then r = 1, and
3. if n ≡ 3 (mod 5), then r = 3.
If r = 0 then (Z, P ) is a fullD-design. Thus we may assume that n ≡ 2, 3, 4 (mod 5).
For i = 1, . . . , 7, let Gi and ni be deﬁned as in Lemma 4.1. If n ≡ 2 (mod 5), then
let H be the subgraph of G isomorphic to G1 (a single edge), and set s = n1. Similarly,
if n ≡ 4 (mod 5), then let H be a subgraph of G isomorphic to G2 (a single edge plus 2
isolated vertices), and set s=n2. Finally, if n ≡ 3 (mod 5), then n8 and thusG contains a
subgraph isomorphic to one ofG3,G4,G5,G6, andG7, sayGi . Let H be such a subgraph
of G and set s = ni . Notice that in each case, H contains all edges in L, and that s8. Now
let S be a set of size s disjoint from Z. The following graphs areD-decomposable:
(a) H ∧Ks where V (Ks)= S, and
(b) Kn−|V (H)|,s with parts Z\V (H) and S.
The fact that graph (a) isD-decomposable follows directly from Lemma 4.1. To see that
graph (b) isD-decomposable, note ﬁrst that the number n−|V (H)| is always divisible by 5.
(We allow for the possibility that this number may also equal zero, in which case the graph
will not contain any edges.) Also, s = 1 or 3, and so the claim now follows from Theorem
2.3. It is clear that if we let C contain the resulting copies of D, then (Z ∪ S, P ∪ C) is a
D-design of order at most n+8 which contains a copy of the partialD-design (Z, P ). 
One more lemma is necessary in order to prove the main result of this section.
Lemma 4.3. Let G be a graph with no isolated vertices containing precisely 5 edges. Then
there exists aD-design on the graph G ∧K5.
Proof. To prove this lemma, it is necessary to consider each of the 26 (non-isomorphic)
graphs with no isolated vertices containing precisely 5 edges. A computer-generated D-
design on G ∧K5 for each of these graphs G is given in the Appendix. 
90 P. Jenkins / Discrete Mathematics 292 (2005) 83–93
Theorem 4.4. Let (Z, P ) be a partialD-design of order n14 with exactly x edges ofKn
(with vertex set Z) not in any graph in P. Then (Z, P ) can be embedded in a D-design of
order v for some admissible vn+ x + 7.
Proof. Let (Z, P ) be a partialD-design of order n14, and denote the set of edges ofKn
not belonging to any of the copies of D in P by L. Let |L| = x = 5q + r where 0r < 5,
S = {1, . . . , q} × {1, 2, 3, 4, 5} (relabelling the elements of Z if necessary to ensure that Z
and S are disjoint), and deﬁne a collection C of copies ofD as follows:
1. P ⊆ C.
2. Let {L1, . . . , Lq, L∗} be a partition of L into q subsets of size 5 and 1 subset, L∗, of
size r. Also, for each i with 1 iq, let Gi denote the subgraph of Kn induced by Li .
We claim that for each iwith 1 iq, the following two graphs areD-decomposable:
(a) Gi ∧K5 where V (K5)= {(i, j) | 1j5}, and
(b) Kn−|V (Gi)|,5 with parts Z\V (Gi) and {(i, j) | 1j5}.
The fact that graph (a) isD-decomposable follows directly from Lemma 4.3. Theorem
2.3 guarantees that graph (b) isD-decomposable, keeping in mind that since n14 and
|V (Gi)|10, we have n−|V (Gi)|4. It is also evident that all of these graphs (for all
1 iq) are edge-disjoint. Place the copies ofD resulting from these decompositions
in C.
3. For each i, i′ with 1 i < i′q, the graph K5,5 with parts {i} × {1, 2, 3, 4, 5} and
{i′}×{1, 2, 3, 4, 5} can be decomposed into copies ofD (see Theorem 2.3). Place these
copies ofD in C.
It is easy to verify that (Z ∪ S,C) is a partial D-design of order n + 5q containing P.
Moreover, the only edges of Kn+5q (with V (Kn+5q)= Z ∪ S) not in a copy ofD in C are
precisely the r edges in L∗. If r = 0, then (Z ∪ S,C) is a complete D design and we are
ﬁnished; thus we may assume that 0<r < 5. By Lemma 4.2, this partial D-design can be
embedded in aD-design of order at most n+ 5q+ 8. Furthermore, since x= 5q+ r where
r1, it follows that n+ 5q + 8n+ x + 7. This completes the proof. 
5. Concluding remarks
Recall that the embedding problem for partial D-designs asks (for each integer n), for
the smallest integer v such that every partial D-design of order n can be embedded in a
D-design of order v. In Section 3 it was shown that 4n + 22 is an upper bound on this
number for all n; however, this is probably not the best possible bound. Using a similar
argument to the case for partial 4-cycles systems, it can be shown that the best possible
bound is no less than approximately n+√n.
Appendix
In this appendix, we present computer-generatedD-designs on H ∧K5, for each of the
graphsH =H1, . . . , H26 shown in Fig. 3 (these are all (non-isomorphic) graphs containing
precisely 5 edges and no isolated vertices).
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Fig. 3. Graphs H1, . . . , H26.
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For i=1, . . . , 26, let vi =|V (Hi)|,Xi ={0, 1, . . . , vi −1}, Yi ={vi, vi +1, . . . , vi +4},
and V (K5) = Yi . Then for each i with 1 i26, it can be veriﬁed that (Xi ∪ Yi, Ci) is
a D-design on Hi ∧ K5, where the collections C1, . . . , C26 of copies of D are deﬁned as
follows:
C1 = {(0, 1, 3, 2)− 4, (0, 3, 4, 5)− 1, (0, 4, 1, 6)− 2, (0, 7, 1, 8)− 2, (2, 5, 3, 7)−
6, (3, 6, 4, 8)− 5, (5, 6, 8, 7)− 4},
C2 = {(0, 1, 3, 2)− 4, (0, 5, 1, 6)− 2, (0, 7, 1, 8)− 2, (2, 5, 6, 7)− 3, (3, 5, 7, 9)−
0, (4, 7, 8, 9)− 1, (5, 8, 6, 9)− 2, (6, 3, 8, 4)− 5},
C3 = {(0, 1, 3, 5)− 2, (0, 2, 4, 6)− 1, (0, 3, 6, 7)− 1, (0, 8, 1, 9)− 2, (2, 6, 5, 8)−
3, (3, 9, 4, 7)− 2, (4, 8, 9, 5)− 1, (8, 6, 9, 7)− 5},
C4 = {(0, 1, 3, 5)− 2, (0, 2, 6, 3)− 4, (0, 6, 1, 7)− 2, (0, 8, 1, 9)− 3, (2, 8, 4, 9)−
5, (3, 7, 5, 8)− 9, (4, 7, 6, 5)− 1, (8, 7, 9, 6)− 4},
C5 = {(0, 1, 3, 5)− 2, (0, 2, 4, 6)− 1, (0, 7, 1, 8)− 2, (1, 5, 4, 9)− 0, (2, 6, 3, 7)−
5, (3, 8, 6, 9)− 2, (6, 7, 8, 5)− 9, (7, 9, 8, 4)− 3},
C6 = {(0, 2, 1, 5)− 3, (0, 6, 1, 7)− 2, (0, 8, 1, 9)− 2, (2, 3, 6, 4)− 7, (2, 5, 6, 8)−
4, (5, 4, 9, 7)− 3, (7, 8, 9, 6)− 2, (8, 5, 9, 3)− 1},
C7 = {(0, 1, 2, 6)− 3, (0, 2, 7, 8)− 1, (0, 7, 1, 9)− 2, (1, 6, 4, 10)− 0, (2, 8, 3, 10)−
5, (3, 5, 4, 7)− 6, (4, 8, 6, 9)− 3, (5, 6, 10, 9)− 7, (5, 7, 10, 8)− 9},
C8 = {(0, 1, 2, 6)− 3, (0, 2, 4, 7)− 1, (0, 8, 1, 9)− 2, (1, 6, 4, 10)− 0, (2, 7, 3, 8)−
5, (3, 5, 6, 10)− 2, (4, 8, 7, 9)− 3, (6, 9, 10, 7)− 5, (9, 5, 10, 8)− 6},
C9 = {(0, 1, 6, 2)− 7, (0, 3, 6, 4)− 7, (0, 5, 6, 7)− 1, (0, 6, 8, 9)− 1, (0, 8, 1, 10)−
2, (2, 8, 3, 9)− 4, (3, 7, 5, 10)− 4, (5, 9, 10, 8)− 4, (9, 6, 10, 7)− 8},
C10 = {(0, 1, 6, 2)− 4, (0, 3, 6, 7)− 1, (0, 6, 4, 8)− 1, (0, 9, 1, 10)− 2, (2, 7, 3, 8)−
5, (3, 9, 4, 10)− 5, (5, 4, 7, 9)− 8, (5, 6, 10, 7)− 8, (6, 8, 10, 9)− 2},
C11 = {(0, 1, 6, 2)− 4, (0, 3, 5, 6)− 4, (0, 7, 1, 8)− 2, (0, 9, 1, 10)− 2, (2, 7, 3, 9)−
4, (3, 6, 7, 8)− 4, (4, 7, 5, 10)− 3, (5, 8, 6, 9)− 10, (7, 9, 8, 10)− 6},
C12 = {(0, 1, 6, 2)− 4, (0, 3, 6, 5)− 7, (0, 6, 4, 7)− 1, (0, 8, 1, 9)− 2, (2, 7, 3, 10)−
0, (3, 8, 6, 9)− 4, (4, 8, 9, 10)− 1, (7, 6, 10, 8)− 2, (9, 7, 10, 5)− 8},
C13 = {(0, 1, 3, 2)− 6, (0, 6, 1, 7)− 2, (0, 8, 1, 9)− 2, (2, 8, 3, 10)− 0, (3, 6, 4, 7)−
5, (4, 5, 6, 9)− 3, (4, 8, 7, 10)− 5, (7, 9, 8, 6)− 10, (8, 5, 9, 10)− 1},
C14 = {(0, 1, 3, 6)− 2, (0, 7, 1, 8)− 2, (0, 9, 1, 10)− 2, (1, 4, 5, 6)− 7, (2, 4, 6, 9)−
3, (3, 7, 4, 8)− 5, (4, 9, 7, 10)− 3, (5, 10, 8, 7)− 2, (8, 6, 10, 9)− 5},
C15 = {(0, 1, 3, 6)− 2, (0, 7, 1, 8)− 2, (0, 9, 1, 10)− 2, (2, 4, 5, 7)− 3, (3, 5, 6, 8)−
4, (3, 9, 4, 10)− 5, (4, 6, 10, 7)− 9, (5, 8, 10, 9)− 2, (7, 8, 9, 6)− 1},
C16 = {(0, 1, 3, 7)− 2, (0, 3, 8, 9)− 1, (0, 8, 1, 10)− 2, (1, 7, 4, 11)− 0, (2, 5, 7, 8)−
4, (2, 9, 3, 11)− 5, (4, 6, 7, 9)− 5, (5, 8, 6, 10)− 3, (7, 10, 8, 11)− 9,
(9, 6, 11, 10)− 4},
C17 = {(0, 1, 7, 2)− 8, (0, 3, 7, 8)− 1, (0, 7, 4, 9)− 1, (0, 10, 1, 11)− 2, (2, 9, 3, 10)−
4, (3, 8, 4, 11)− 5, (4, 5, 7, 6)− 8, (6, 9, 8, 10)− 7, (7, 9, 10, 11)− 6,
(8, 11, 9, 5)− 10},
C18 = {(0, 1, 7, 2)− 8, (0, 3, 5, 7)− 4, (0, 8, 1, 9)− 2, (0, 10, 1, 11)− 2, (3, 7, 6, 8)−
4, (3, 9, 4, 10)− 2, (4, 6, 9, 11)− 3, (5, 8, 7, 10)− 6, (5, 9, 8, 11)− 6,
(9, 7, 11, 10)− 8},
C19 = {(0, 1, 7, 2)− 8, (0, 3, 7, 5)− 8, (0, 7, 4, 8)− 1, (0, 9, 1, 10)− 2, (2, 9, 3, 11)−
0, (3, 8, 6, 10)− 4, (4, 6, 7, 9)− 5, (5, 10, 8, 11)− 1, (6, 9, 10, 11)− 4,
(8, 9, 11, 7)− 10},
C20 = {(0, 1, 3, 7)− 2, (0, 2, 4, 8)− 1, (0, 9, 1, 10)− 2, (1, 7, 4, 11)− 0, (2, 8, 3, 9)−
4, (3, 10, 5, 11)− 2, (5, 6, 7, 8)− 9, (6, 9, 7, 10)− 4, (7, 5, 9, 11)− 8,
(8, 6, 11, 10)− 9},
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C21 = {(0, 1, 3, 7)−2, (0, 8, 1, 9)−2, (0, 10, 1, 11)−2, (2, 4, 6, 8)−3, (3, 9, 4, 10)−
2, (4, 7, 5, 11)− 3, (5, 6, 9, 8)− 4, (6, 10, 9, 7)− 8, (9, 5, 10, 11)− 6,
(10, 8, 11, 7)− 1},
C22 = {(0, 1, 2, 8)−3, (0, 9, 1, 10)−2, (0, 11, 1, 12)−2, (1, 3, 9, 8)−4, (2, 9, 4, 11)−
3, (3, 10, 4, 12)−5, (5, 8, 6, 9)−7, (6, 7, 8, 10)−9, (6, 12, 8, 11)−10,
(10, 12, 11, 5)− 4, (11, 9, 12, 7)− 10},
C23 = {(0, 1, 3, 8)−2, (0, 9, 1, 10)−2, (0, 11, 1, 12)−2, (2, 4, 5, 9)−3, (3, 10, 4, 11)−
2, (4, 8, 5, 12)− 3, (5, 10, 6, 11)− 7, (6, 7, 8, 9)− 4, (6, 8, 11, 12)− 7,
(7, 9, 11, 10)− 12, (10, 9, 12, 8)− 1},
C24 = {(0, 1, 3, 8)−2, (0, 2, 9, 10)−1, (0, 9, 1, 11)−2, (1, 8, 4, 12)−0, (2, 10, 3, 12)−
5, (3, 9, 4, 11)− 5, (4, 5, 8, 10)− 6, (5, 9, 7, 10)− 11, (6, 8, 11, 12)− 10,
(7, 6, 9, 8)− 12, (7, 12, 9, 11)− 6},
C25 = {(1, 10, 3, 13)−12, (8, 11, 12, 10)−9, (6, 7, 13, 9)−2, (10, 2, 12, 7)−9,
(10, 4, 12, 5)−11, (2, 13, 6, 11)−4, (0, 10, 6, 12)−3, (0, 13, 10, 11)−7,
(1, 0, 9, 12)− 8, (9, 1, 11, 3)− 2, (9, 4, 13, 8)− 6, (9, 11, 13, 5)− 4},
C26 = {(4, 14, 9, 10)− 2, (8, 11, 9, 12)− 13, (3, 14, 6, 10)− 12, (8, 13, 11, 14)− 7,
(7, 12, 14, 10)− 1, (11, 4, 12, 2)− 13, (0, 1, 11, 10)− 5, (0, 11, 3, 12)− 1,
(0, 13, 1, 14)− 5, (3, 2, 14, 13)− 4, (6, 7, 11, 12)− 5, (9, 8, 10, 13)− 7,
(11, 6, 13, 5)− 4}.
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